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MATHEMATICS 

 Course ID : 32112  Course Code : SHMTH-302/C-6 

  Course Title: Group Theory-I 

 Time:  2 Hours  Full Marks:  40 

The figures in the right hand side margin indicate marks. 

  Candidates are required to give their answers in their own words 
as far as practicable. 

Notations and symbol have their usual meaning. 

 1. Answer any five questions: 2×5=10 

   (a) If ܩ is an abelian group, then prove that ܪ = ሼܽ ϵ ܩ ∶ ܽଶ = ݁ሽ is a subgroup of ܩ.  

   (b) Give an example of an infinite group in which every element is of finite order. 

   (c) Find the order of the element ݌ = ቀ1 2 37 1 4    4 5 62 6 9   7 8 910 3 5   108 ቁ in ܵଵ଴. 

   (d) Prove that the order of An is  
௡!ଶ .   

   (e) Find the cyclic subgroup of ሺℤଷ଴, +ሻ generated by 25. 

   (f) Prove that there cannot be any epimorphism from the group ሺℤଵହ, +ሻ onto the group ሺℤ଼, +ሻ. 

   (g) Prove that any finite cyclic groups of same order are isomorphic. 

   (h) Prove that the groups ሺℤ, +ሻ and ሺ, +ሻ are not isomorphic.   

 2. Answer any four questions: 5×4=20 

  (a) Let ܪ and ܭ be two subgroups of a group ܩ. Prove that ܭܪ is a subgroup ܩ if and only 

if ܭܪ =  5  .ܪܭ

  (b)  (i) Solve the following equation in the Klein’s 4-group ܭ − 4: 
     ܾିଵܿݔଶܽܿଷ  = ܾܽܿ, where ܭସ = ሼ݁, ܽ, ܾ, ܿሽ. 

    (ii) Let ሺܩ,∗ሻ be a finite group containing even number of elements. Prove that there exists at 

least one elements ܽ, other than the identify ݁ in ܩ such that ܽ ∗ ܽ = ݁ holds. 2+3=5     

  (c)  (i) Prove that a finite semigroup satisfying the cancellation laws, forms a group. 

    (ii) Let ܩ be a group. Show that ݋ሺܽሻ = ሺܾିଵܾܽሻ݋ =  ሺܾܾܽିଵሻ.  3+2=5݋
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   (d) Let ݊ ≥ 2 and ߪ ϵ ܵ௡ be a cycle. Them σ is a ݇-cycle iff order of ߪ is ݇. 5 

   (e) Let ݂ be a homomorphism from the group ܩ onto ܩଵ. Then show that  
ீ௄௘௥௙ ≅  ଵ. 5ܩ

   (f)  (i) Show that the set of all rotations 

       ܶሺθሻ: ሺݔ, ሻݕ → ሺݔᇱ, ᇱݔ ᇱሻ whereݕ = cos θ ݔ − ݕ sin θ, ᇱݕ  = ݔ sin θ + ݕ cos θ forms a 

group with respect to multiplication. 

     (ii) Write down all the elements of the group ଵܷ଴. 4+1=5 

 3. Answer any one question: 10×1=10 

   (a)  (i) Define the Dihedral group ܦସ of order 8. Find the centre of ܦସ. 

     (ii) Let ܩ = ቄቀܽ ܾ0 ܿቁ: ܽ, ܾ, ܿ are reals and ܽܿ ≠ 0ሽ be a group under usual matrix 

multiplication. Show that ܰ = ቄቀ1 ܿ0 1ቁ : ܿ is realሽ is a normal subgroup of ܩ. 

     (iii) Prove that every group of prime order is cyclic. (2+3)+3+2=10  

   (b)  (i) Prove that the group 
ସℤଵଶℤ ≅ ℤଷ.  

     (ii) Let ܪ be a subgroup of a group ܩ such that ሾܩ: ሿܪ = 2. Then prove that ܪ is a normal 

subgroup of ܩ. Is the converse true? Justify your answer. 4+(3+3)=10 

________ 


